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the  vertical  field  and  the  particle  energy.  Electron  energies  up  to  ~  1  GeV  can  be  achieved  in 
this  configuration. 


ii 


CONTENTS 


I.  INTRODUCTION  .  1 

II.  FIXED-FIELD  RACETRACK  INDUCTION  ACCELERATOR  .  3 

III.  HIGH-ENERGY  RACETRACK  INDUCTION  ACCELERATOR  .  8 

IV.  RACETRACK  INDUCTION  ACCELERATOR  SYSTEM  .  9 

V.  DISCUSSION  .  12 

VI.  SUMMARY  .  14 

ACKNOWLEDGMENTS .  15 

REFERENCES  .  15 


ENERGY  SCALING  LAWS  FOR  THE 
RACETRACK  INDUCTION  ACCELERATOR 


I.  INTRODUCTION 

Particle  accelerators  have  been  developed  as  low  current,  high  energy  machines,  or  as  low  voltage 
and  high  current  devices  such  as  Marx-pulse  line  systems.  Induction  accelerators  have  the  potential  of 
both  high  current  and  high  voltage  operation. 

In  this  paper,  the  energy  scaling  laws  of  the  Racetrack  Induction  Accelerator1  (RIA)  are  deter¬ 
mined  and  its  operating  principles  are  discussed.  This  device  is  a  cyclic  accelerator  that  is  capable  of 
high  current  operation.  Long  pulse  induction  linac  technology  is  used  to  obtain  short  acceleration 
times.  The  RIA  circulates  a  high  current  beam  through  a  linear  induction  module.  The  voltage  gain 
relation  is  where  is  the  voltage  gain  per  pass,  is  the  module  pulse  duration  and  r 

is  the  transit  time  of  the  beam  around  the  accelerator.  One  of  the  potential  applications  of  a  high 
current,  high  voltage  accelerator  is  to  drive  free  electron  lasers  (FEL).  The  wavelength  scales  as 

X  =  \J2y2 

where  y  is  the  relativistic  factor  and  Xw  the  wiggler  wavelength.  The  minimum  practical  values  of  Xw 
are  about  1  cm.  Therefore  beam  voltages  in  excess  of  50  MeV  are  required  to  produce  visible  radia¬ 
tion. 


High  current  free  electron  lasers  have  the  potential  of  compact  and  efficient  operation.  High 
current  free  electron  lasers  at  wavelengths  less  than  1  mm  operate  in  the  kinetic  Compton  regime.2 
The  growth  rate  is  proportional  to  the  slope  of  the  distribution  function.  The  FEL  is  driven  only  by  the 
beam  particles  in  resonance  with  the  pondermotive  wave  of  the  FEL.  Saturation  occurs  in  the  FEL 
because  of  nonlinear  modification  of  the  resonant  particles.  In  the  racetrack  a  mechanism  such  as  pitch 
angle  scattering  due  to  field  errors  can  be  sufficient  to  restore  the  beam.  The  time  scale  for  this 
modification  should  be  comparable  with  the  transit  time  around  the  accelerator.  Although  the  gain  may 
not  be  large,  the  efficiency  can  be  high.  This  is  a  potential  advantage  of  a  racetrack  over  a  linear 
accelerator  for  driving  a  FEL. 

At  the  present  time  the  linear  induction  accelerator  is  the  most  common  high  voltage  and  high 
current  system  in  existence.  Typically,  iron  or  ferrite-core  induction  acceleration  modules  are  matched 
at  a  beam  current  of  1-2  kA.  To  achieve  particle  acceleration  to  high  energy  is  mainly  a  matter  of 
length  and  cost.  Accelerating  gradients  are  typically  0.5  MeV/m,  with  some  designs  reaching  as  high  as 
1.0  MeV/m.  The  size  of  these  machines  implies  large  cost  and  requires  large  commitments  of  real 
estate.  Costs  in  excess  of  S 1/ Volt  are  now  common.  Very  high  current  linear  induction  accelerators 
are  possible  through  the  use  of  radial  pulselines  to  drive  the  accelerating  gaps,  as  has  been  shown  in  the 
RADLAC3  accelerator  at  Sandia  National  Laboratories. 

Various  folded  or  cyclic  accelerator  designs  have  been  proposed  and  studied  in  an  effort  to  achieve 
high  voltage  and  high  current  systems  without  the  huge  cost  and  space  requirements  of  the  induction 
linac.  A  conventional  betatron,  for  example,  is  current  limited  at  injection,  when  the  energy  is  low  and 
the  betatron  fields  are  too  small  to  contain  the  beam  space  charge.  A  betatron  with  a  high-energy  injec¬ 
tor  has  been  studied  at  Livermore  and  Berkeley  in  an  effort  to  overcome  the  space-charge  limit.  A 
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more  radical  modification  to  the  betatron,  the  so-called  modified  betatron,  is  under  study  at  the  Naval 
Research  Laboratory4  and  at  U.C.  Irvine.5  In  this  approach  a  toroidal  magnetic  field  is  used  to  contain 
the  space  charge  at  early  times  in  the  accelerating  cycle.  The  need  for  high-energy  injection,  and  a 
costly  pre-accelerator,  is  thereby  removed. 

One  approach  for  utilizing  a  linear  induction  accelerator  to  reach  high  energy  is  the  recirculating 
linac  concept,6  which  has  been  studied  at  the  National  Bureau  of  Standards.  In  this  approach,  the 
accelerator  is  in  fact  a  folded  linac,  with  the  total  charge  carried  through  a  linear  induction  module 
several  times.  On  each  transit  the  beamlets  are  enclosed  by  drift  tubes,  which  isolate  them  from  each 
other  while  passing  through  the  module.  Since  each  induction  module  can  accommodate  only  a  small 
number  of  these  drift  tubes,  modules  must  be  stacked  to  reach  high  voltage.  The  racetrack  induction 
accelerator,  which  is  the  subject  of  this  report,  is  in  fact  a  cyclic  accelerator,  in  which  the  entire  beam 
current  circulates  around  a  racetrack,  passing  through  linear  induction  modules  on  the  straight  legs  of 
the  racetrack. 


The  racetrack  induction  accelerator,  shown  schematically  in  Fig.  1-1,  consists  of  a  long-pulse  (—2 
/is)  linear  induction  module  and  a  racetrack  beam  transport  system  which  allows  the  electron  beam  to 
be  returned  to  the  linear  induction  module.  A  high-current  electron  beam  requires  an  axial  magnetic 
guide  field  for  stable  propagation.  The  minimum  guide  field  for  equilibrium  is  given  by 

D  f  8ir2nmc2  \  1 
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where  n  is  the  beam  number  density.  For  a  1  kA/cm2  beam  current  density  and  1  MeV  electrons,  this 
criterion  gives  B  >  2.4  kG.  Higher  fields  will  be  required  in  the  bends  to  control  drift  orbits  and  may 
also  be  required  to  suppress  resonant  instabilities.  In  the  bends  the  curvature  and  gradient  in  the  guide 
field  leads  to  a  vertical  drift  of  the  particle  orbit.  By  adding  a  uniform  vertical  magnetic  field  (perpen¬ 
dicular  to  the  plane  of  the  orbit),  the  resulting  Lorentz  force  can  be  made  to  cancel  the  centrifugal  and 
grad  B  forces  at  a  particular  electron  energy,  thereby  removing  the  vertical  drift.  To  maintain  an  equili¬ 
brium  as  the  particles  are  accelerated,  the  vertical  field  must  be  synchronous  with  the  acceleration  of 
the  beam.  Since  the  acceleration  occurs  only  in  the  induction  module,  the  vertical  field  at  the  input  and 
output  of  the  module  must  be  different,  thereby  forcing  a  spatially-dependent  field.  This  solution  is 
very  sensitive  to  the  accuracy  to  which  the  vertical  magnetic  field  can  be  made  synchronous  with  the 
acceleration.  Small  field  errors  can  result  in  rapid  loss  of  the  particle. 

The  poor  stability  of  the  vertical  field  solution  is  due  to  its  requirement  of  exact,  local  force  can¬ 
cellation  at  a  particular  energy.  Instead,  it  is  possible  to  design  a  magnetic  field  configuration  which 
provides  cancellation  of  the  spatially  averaged  force  felt  by  an  electron  in  the  bend  over  a  band  of  parti¬ 
cle  energies.  This  configuration  is  provided  by  a  quadrupole  field  which  is  twisted  into  a  helix,  as  in  an 
/  =*  2  stellarator.  The  helical  field  causes  the  particle  to  circulate  about  the  minor  axis  of  the  bend,  so 
that  in  drifting  vertically,  it  drifts  toward  the  axis  for  half  the  time  in  the  bend  and  away  from  the  axis 
for  the  other  half.  The  net  effect  of  this  motion  is  to  average  the  net  drift  dispiacment  to  zero.  All 
particles  with  energies  up  to  some  maximum  are  contained  within  this  field  configuration.  Very  ener¬ 
getic  particles  will  have  drift  orbits  which  are  too  large  to  fit  within  the  minor  cross-section  of  the  dev¬ 
ice.  and  will  therefore  not  be  contained.  The  stellarator  winding  in  conjunction  with  the  long-pulse 
induction  module  makes  a  fixed-field  accelerator  up  to  the  maximum  particle  energy.  Since  the  focus¬ 
sing  and  confining  fields  can  be  independent  of  time,  the  pulse  shape  of  the  induction  module  can  be 
arbitrary. 


To  accelerate  particles  to  energies  in  excess  of  the  maximum  contained  in  a  fixed-field  system,  a 
time-dependent  vertical  magnetic  field  may  be  employed  on  the  bends,  as  described  above.  In  this 
configuration,  having  combined  vertical  and  stellarator  fields,  the  time-independent  steilarator  com¬ 
ponent  provides  an  energy  bandwidth  of  approximately  the  maximum  energy  of  the  fixed-field  system, 
thereby  relaxing  the  requirements  on  the  vertical  field  in  matching  the  particle  energy  in  both  space  and 
time. 
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These  two  configurations  allow  two  classes  of  accelerators  to  be  identified.  The  fixed-field 
configuration  is  best  suited  for  accelerating  a  multi-kiloamp  beam  to  modest  energies  (up  to  50  MeV). 
The  combined  vertical  and  stellarator  field  configurations  is  a  high-energy  system,  capable  of  reaching 
energies  up  to  1  GeV. 


II.  FIXED-FIELD  RACETRACK  INDUCTION  ACCELERATOR 

In  conventional,  low-current  cyclic  accelerators  the  bending  magnetic  fields  must  be  synchronous 
with  the  particle  energy.  To  contain  the  space  charge  in  a  high-current  accelerator  requires  an  axial 
magnetic  field,  which  introduces  curvature  and  grad  B  drifts.  These  drifts  can  be  canceled  by  imposing 
a  vertical  magnetic  field  which  is  made  synchronous  with  the  particle  acceleration.  Unlike  a  conven¬ 
tional  accelerator,  where  an  asynchronism  in  the  bending  field  causes  the  particle  to  adjust  its  radial 
equilibrium  position,  an  asynchronism  in  the  vertical  field  of  a  high-current  accelerator  causes  a  vertical 
displacement  which  offers  no  new  equilibrium. 

In  place  of  the  vertical  field,  a  twisted  quadrupole  field  provides  a  cancellation  of  the  average  force 
felt  by  a  particle  in  traversing  a  bend.  This  technique  avoids  the  problems  of  field  synchronism  because 
the  particle  drifts  average  to  zero  for  all  energies  below  a  maximum.  The  bending  and  confining  fields 
in  this  case  are  independent  of  time.  The  twisted  quadrupole  configuration  is  analogous  to  an 
alternate-gradient  strong-focussing  system.  This  configuration,  including  the  axial  magnetic  field,  is  an  / 
=  2  stellarator  field,  which  was  designed  to  control  particle  drifts  in  magnetic  confinement  fusion.7-8 

Near  the  magnetic  axis  of  a  cylindrical  helix,  the  field  has  a  remarkably  simple  structure,  which 
may  be  used  to  study  the  drift  motion  of  a  charged  test  particle.  Toroidal  effects  may  be  included  to 
the  simplest  approximation  by  imposing  a  gravitational-type  of  curvature  drift  due  to  the  centrifugal 
force.  The  magnetic  field  is  given  by 

Bx  =  bay  cos  2 a:  —  bax  sin  2az 

By.  =»  bax  cos  2 az  +  bay  sin  2az 

B.~  B0  +  0 (ba2r2) 

where  x,  y,  z  are  a  right-handed  coordinate  system  having  the  z-axis  aligned  with  the  cylinder  axis. 
When  toroidal  curvature  is  included,  it  is  assumed  to  add  a  force  acting  in  the  x-direction.  The  fields 
above  are  valid  for  2 ar  «  1  and  bar  «  50.  50  is  the  solenoidal  field  amplitude,  while  b  is  the 
amplitude  of  the  helical  field,  and  a  =  2 n/L  where  L  is  the  pitch  length  of  the  helix. 

The  following  drifts  are  constructured: 

•  Gradient-5  Drift 

v  _  c  ywvj 2  ygxfl 
-*  “  2  qB  B2 


•  Drift  Due  to  the  Lorentz  Force 

Vr  -  -Xr(\  x  B)  X  5 
-F  gl  -  - 


•  Curvature  Drift 
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where  q  =  —  \e  \  and  Vj2,  v,f  are  relative  to  B,  but  are  approximately  v2  =  v.2  and  Vj2  =  v2  +  v2  for  B0 
»  iar.  The  transverse  components  of  these  drifts  may  be  written  as 

Vgi  1 —  y(-vex  +  xev) 

Vfi  =  (i[ex(y  cos  2 az  —  jc  sin  2 az)  +  ey (x  cos  2a z  4-  y  sin  2az)] 

la  =  ~  ey&y.. 


where 
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The  total  transverse  drift  vector,  v^  =  v^  +  vfl  +  vd,  is  therefore 

V Dx  =*  t) y  +  /3y  cos  2 az  —  ($x  sin  2 az 
VDy  =»  —  tjx  +  (3x  cos  2 az  +  /3[y  sin  2<*z  —  y*]. 

The  equilibrium  position  of  the  particle  under  these  drifts  is  given  by  ( x(z ),  y(z))  which  force  _Vd  =  0, 

_  fiy. 

x(z)  — - ; - 7  (tj  +  /3  COS  2az) 

v2~B2 

3  v* 

v(z)  - t-1 — 7  (0  sin  2az). 

V2-  B2 

As  it  moves  along  the  z-axis,  the  projection  of  the  equilibrium  orbit  on  the  x-y  plane  is  a  circle  of 
radius,  /32y./(  17 2  —  02),  whose  center  is  displaced  from  the  geometric  axis  by  a  distance, 
-T)By-/W  ~  /32),  in  the  x direction. 


The  stability  of  this  drift  equilibrium  may  be  studied  by  examining  displacements  from  this  equili¬ 
brium.  Define  .v  =  x  —  x  and  y  ™  y  —  y.  Then 

~  —  -  (/§  sin  f)Jt  +  (7/  +  4  cos  tj)y 

-!&-  =  -  (^j  -  /j  cos  +  (/§  sin  f)v. 
at 

where  £  =>  2az,  fi  =  /3/2av.|  and  73  =  77/2av„. 


For  7}  =  0,  which  corresponds  to  Vj_  =  0,  a  particularly  simple  solution  is  possible  for  a  quadru¬ 
ple  field  with  no  twist,  oriented  as  though  sin  (2az)  =  1  everywhere.  In  this  case,  the  solution  is 

.v(£)  =  x0e~^ 

yif)  -  y0e+M, 

which  is  stable  in  the  .v-direction  and  unstable  in  the  ^direction,  with  the  growth  (damping)  increment 
given  by  /§,  which  is  b/2B0.  In  the  opposite  limit,  where  a  is  large,  so  that  the  helical  field  varies  with 
a  scale  length  that  is  short  compared  to  the  growth  length,  the  equations  for  ,v  and  y  can  be  averaged 
over  the  helical  period  to  yield 

x({)  ~  e±,i>( 
y( €)  - 
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which  are  oscillatory.  Twisting  the  quadrupole  field  therefore  has  the  effect  of  averaging  the  drifts  that 
were  introduced  by  the  axial  magnetic  field. 

When  r)  =  0,  the  shift  in  the  equilibrium  position  for  the  particle  is  given  by  y., 

=  ymvnc  ^  i  V, 1 
^  qRba  Slc  c  ft  2a  R 

which  should  be  small  compared  with  the  minor  radius  of  the  bend,  and  smaller  than  the  separatrix  of 
the  stellarator  field.  Here,  =  qBjmc'xs  the  nonrelativistic  cyclotron  frequency. 

The  differential  equations  for  Jt(£)  and  y(£)  have  been  solved  numerically,  with  rj  «  ft  for  the 
initial  condition  x(0)  =  -y.  and  y(0)  =  0,  which  corresponds  to  a  particle  which  starts  on  the  mag¬ 
netic  axis.  Since  the  equations  for  x  and  y  are  homogenous,  the  initial  condition  can  be  scaled  out  of 
the  problem  with  the  transformation 

Sx  =*  x/y. 

8y  =  y/y». 

Sxand  5y  satisfy  the  same  differential  equations  as  xand  y,  and  the  initial  conditions  are  8x(0)  =  -1 
and  8y  (0)  =  0. 

Figure  2-1  shows  the  result  of  this  integration  as  x(f)  vs  y  (£),  where 

x(g)  =  x(£)/y.  +  8x({) 
y(f)  =»  y(£)/y.  +  8y(0. 

for  r\  =*  -.001  and  for  ft  varied  from  0.1  to  0.5.  The  equilibrium  orbit,  x(f)/y.  vs  y(f)/y.,  is  plotted 
as  a  heavy  circle  on  each  figure.  The  orbits  are  stable  for  ft  <  0.5.  The  ft  =>  0.5  trajectory  jncreases 
monotonically  in  amplitude,  as  seen  in  Fig.  2-2,  which  shows  8x(£)  vs  8y(f).  This  case,  ft  =  0.5, 
corresponds  to  b  =  B0 ,  at  which  point  the  separatrix  collapses  onto  the  magnetic  axis,  as  will  be  seen 
below,  for  an  /  =  2  stellarator. 

For  detailed  studies  of  the  particle  dynamics  in  a  racetrack,  a  numerical  model  is  required  to 
integrate  the  fully-relativistic  single-particle  equations  of  motion, 

-7-  (y/rzv)  =  — -  v  x  B, 
dt  c  ~  ~ 

where  y  =  (1  —  v2/c2)"1/2  and  B  is  the  externally  applied  magnetic  field.  The  actual  structure  of  B  (x) 
may  be  found  in  several  ways,  but  the  first  approach  has  been  to  use  an  analytical  approximation  for  the 
field. 


The  magnetic  scalar  potential  for  a  toroidal  stellarator  field,  to  first  order  in  the  inverse  aspect 
iatio,  is  given  by9 


<P,(r.  9,  s )  —  Bo 

ke. 


s  -i - //(.v)  sin  [1(9  —  as)] 


4/a2 


[.v2//  (x)  —  x(l  +  D/ftx)]  sin  [(/  4-  1  )9  —  /as] 


- r  bri,  Tv)  -  .v(l  -  /)/,(.v)j  sin  [(/  —  1  )9  —  /as] 

4/a2 

* 

H — //+|(x)  sin  [(/  +  l)f)  -  /as] 
a 
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* 

+  — —  //_i  (x)  sin  [(/  -  1)9  -  las] 
a 


where  x  —  lar,  a  =  2ir/ L,  L  is  the  pitch  length  of  the  helical  field,  k 
radius  of  the  torus.  el±*  is  given  by 


ei±  i 


.  2 
*/±  1  _^0_ 

6/  4 


\/R0,  and  R0  is  the  major 


“IT"  "  4 [K‘*'(xo)  ~  xoK,±l(x0)]. 

where  Xo  =■  lar0  and  r0  is  the  minor  radius  of  the  helical  current  sheet  which  generates  the  field.  A 
more  general  form  of  the  potential  would  consist  of  a  summation  over  the  /-number.  The  numerical 
work  described  here  has  been  carried  out  entirely  for  the  /  =  2  stellarator  field.  The  parameter,  €,, 
measures  the  relative  strength  of  the  helical  and  solenoidal  field  contributions.  The  helical  field 
strength,  b ,  in  the  analytical  theory  described  above  is  simply  b  =  e,50. 


The  magnetic  field  is  found  from  this  scalar  potential  by  taking  the  toroidal  gradient, 


to  first  order  in  kr. 


Bs 


Br 


B» 


a<6, 

dr 

I 

r  d9 


(1  —  kr  cos  9) 


d<t>, 

ds 


The  straight  sections  are  modeled  as  regions  of  pure  solenoidal  field,  Br  ~  B9  =  0.  B.  -  B,  = 
Bn.  The  toroidal  stellarator  field  is  assumed  to  apply  over  the  entire  bend,  which  is  modeled  as  a  semi¬ 
circular  region.  A  region  of  straight  section  adjacent  to  each  end  of  the  bends  is  used  to  force  a  transi¬ 
tion  from  a  solenoidal  to  a  stellarator  field  configuration.  If  the  transition  occurs  in  the  regions  S|  <  s 
<  si,  the  prescription  followed  is 


e,(s) 


k(s) 


s  —  Si 

5]  —  Si 

S  —  S! 
Si  -  S, 


in  order  to  linearly  remove  the  helical  and  toroidal  field  contributions.  Other  model  transitions,  such  as 
parabolic  and  cosine,  have  also  been  tried  with  no  effect  on  the  particle  trajectories.  This  model  transi¬ 
tion  section  does  not  satisfy  Maxwell’s  equations,  however,  and  therefore  introduces  some  non- 
adiabatic  behavior  in  the  particle  trajectories. 


In  a  cylindrical  stellarator  field,  given  above  with  k  =  0,  some  of  the  basic  field  structure  can  be 
identified  analytically.  The  magnetic  field  lines  migrate  about  a  magnetic  axis  and  ergoticallv  fill  a  sur¬ 
face.  called  the  magnetic  surface.  In  an  /  =  1  stellarator.  the  magnetic  surfaces  are  approximately  cir¬ 
cles  near  a  magnetic  axis  which  helically  winds  about  the  geometrical  axis.  For  /  ^  2  the  magnetic  axis 
in  a  cylindrical  stellarator  coincides  with  the  geometrical  axis  of  the  cylinder.  For  /  =  2  the  magnetic 
surfaces  near  the  axis  are  elliptical,  while  for  /  =  3  the  surfaces  have  a  trefoil  shape.  Away  from  the 
magnetic  axis,  a  separatrix  occurs,  beyond  which  the  surfaces  are  no  longer  closed.  As  a  magnetic  field 
line  propagates  in  the  system,  it  migrates  an  angle,  t.  on  the  magnetic  surface  as  it  moves  a  distance. 
2 7tR.  along  the  axis.  The  angle,  t.  is  the  rotational  transform,  given  by 
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Ur)  =  1  ,  Rl3  J_  Ii(x)l',(x) 
2i t  2 *'  r  dx  x 


—  €  / 


2'/! 


lsaR0(lar)lu  2> 


(,-i)  +  %>i  + 


For  /  =  1  or  2,  the  rotational  transform  has  a  finite  value  at  r  =  0  and  rises  slowly  with  r.  For  /  >  3, 
the  rotational  transform  is  zero  at  r  =  0,  and  rises  faster  (higher  shear)  for  larger  /as  /-increases. 


The  average  radius.  rs ,  of  the  separatrix  for  a  straight  helix  is  given  by 

_ (ars)2 

1  (1  +  ( ars)2]Ii(lars ) 

and  the  elliptically  of  the  separatrix,  for  /  —  2,  is  given  by 

1  +  C/ 

Ellipticity  =  - - 

1  ~  e, 

near  the  magnetic  axis.  The  volume  enclosed  by  the  separatrix  is  the  useful  volume  of  th  relerator. 
For  /  =  2,  the  separatrix  radius,  rs,  goes  to  zero  as  e,  goes  to  unity. 


For  high  rotational  transform,  which  is  needed  to  concel  the  particle  drifts,  a  large  va»ue  of  e,  is 
desired.  The  radius  of  the  separatrix,  however,  gives  small  values  of  ars  for  e,  near  unity,  and  has  no 
real  solution  for  e,  >  1.  The  design  is  therefore  a  compromise  between  the  need  for  a  large  rotational 
transform  and  the  need  for  a  reasonable  volume  within  the  separatrix. 


After  some  trial  and  error,  the  design  point  chosen  consists  of  an  /  =  2  stellarator  field  with  ten 
helical  field  periods  on  a  100  cm  radius  circle  (or  a  =  0.1  cm-1)  and  e,  —  0.7.  This  configuration 
given  a  rotational  transform  of  i  *»  5  rr,  and  the  average  separatrix  radius  is  approximately  4  cm,  which 
reasonably  utilizes  a  5  cm  radius  drift  tube.  The  ellipticity  of  the  separatrix  is  5.7,  corresponding  to  an 
elliptical  minor  radius  of  3.3  cm  and  major  radius  of  4.7  cm  for  the  separatrix. 

Figure  2-3  shows  the  orbit  of  a  10  MeV  test  electron  in  a  torus  with  Rq  =  100  cm  major  radius 
with  /?o  =  10  kG,  and  with  no  helical  field.  The  particle  drifts  vertically  out  of  the  accelerator  volume 
mainly  by  curvature  drift.  When  the  stellarator  field,  described  above,  is  included  on  the  torus,  the  10 
MeV  test  particle  is  contained  as  shown  in  Fig.  2-4.  The  10  MeV  electron  is  approximately  the  highest 
energy  which  can  be  contained  in  this  configuration.  If  the  guide  field  strength  is  doubled  to  B0  =  20 
kG,  then  a  20  MeV  electron  trajectory  can  be  contained  as  shown  in  Fig.  2-5.  The  20  MeV/20  kG  tra¬ 
jectory  is  in  fact  identical  to  the  10  MeV/ 10  kG  trajectory. 

The  scaling  of  maximum  energy  with  major  radius  is  not  linear,  as  demonstrated  by  Fig.  2-6, 
which  shows  a  23  MeV  electron  on  a  300  cm  major  radius  bend  with  a  guide  field,  B0  =  10  kG.  In  this 
case  the  number  of  field  periods  on  the  bend  was  increased  to  keep  the  helical  pitch  length  the  same  as 
it  was  in  the  smaller  bend.  The  23  MeV  trajectory  shown  is  approximately  the  largest  energy  which  can 
be  contained  in  this  configuration.  In  each  case,  the  maximum  energy  is  determined  by  the  largest 
orbit  which  will  fit  inside  the  5  cm  minor  radius  of  the  accelerator. 


The  racetrack  configuration  has  also  been  tested,  and  Fig.  2-7  shows  a  5  MeV  electron  which  is 
followed  for  approximately  twenty  transits  of  the  accelerator.  The  particle  is  well-contained,  but  its 
orbit  grows  slowly  during  the  run,  probably  due  to  nonadiabaticity  generated  in  the  transition  section. 

To  produce  a  field  model  for  the  racetrack  which  would  not  be  subject  to  model-dependent  nona- 
diabatic  behavior,  the  decision  was  taken  to  construct  the  field  from  an  actual  surface  current  distribu¬ 
tion.  A  simple,  modular  design  was  achieved  in  the  Tor-2  stellarator  in  the  Soviet  Union.10  Several 
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other  modular  stellarator  systems  have  been  devised."  The  Tor-2  system  generates  an  /  =  2  stellarator 
field  with  coils  of  elliptical  cross-section  which  are  rotated  relative  to  each  other  to  produce  a  helical 
configuration.  By  itself  this  coil  design  is  limited  to  smail  values  of  eh  since  the  helical  coils  will  pro¬ 
duce  a  large  toroidal  field  component.  A  more  flexible  system  consists  of  surrounding  the  elliptical  coil 
with  a  circular  coil  which  carries  a  current  in  the  opposite  sense,  thereby  partially  canceling  the  toroidal 
field  component  due  to  the  elliptical  coil.  This  design  has  been  utilized  to  construct  a  modular  field  coil 
model  for  a  racetrack  stellarator,  and  avoids  the  difficulty  of  analytically  modeling  the  transition  section. 

The  basic  scaling  laws  in  energy  and  fields  for  a  fixed-field  racetrack  induction  accelerator  may  be 
summarized  as  follows: 


£V)AX  =  1  MeV/kG  For  Rn  =  1  meter 
£max  =  2.3  MeV/kG  For  Rn  =  3  meters 

for  the  accelerator  wall  located  at  a  minor  radius  of  5  cm.  This  configuration,  therefore,  provides  a 
means  of  achieving  moderate  energy  performance  with  a  system  having  no  time-dependent  fields. 

III.  HIGH-ENERGY  RACETRACK  INDUCTION  ACCELERATOR 


The  fixed-field  accelerator  racetrack  requires  excessive  magnetic  field  strength  to  achieve  particle 
energies  significantly  above  50  MeV  in  a  practical  device.  It  is  possible  to  operate  the  racetrack  as  a 
high-energy  induction  accelerator  (up  to  1  GeV)  by  adding  a  time-dependent  vertical  magnetic  field  to 
the  bends.  The  vertical  field  must  be  made  synchronous  with  the  particle  energy.  The  stellarator  field 
now  provides  an  energy  bandwidth,  which  is  equivalent  to  a  bandwidth  in  allowed  mismatch  of  the 
vertical  field  and  the  particle  energy.  The  energy  bandwidth  is  approximately  equal  to  the  maximum 
energy  contained  in  the  fixed-field  configuration.  As  the  particle  accelerates,  therefore,  the  accuracy 
required  for  the  vertical  field  to  lie  within  the  allowed  bandwidth  increases. 


If  the  vertical  field  does  not  lie  in  the  allowed  band,  the  particle  will  execute  a  vertical  cross-field 
drift.  In  this  drift  motion  the  particle  will  sample  radial  positions  that  lie  within  the  Lam  or  orbit  asso¬ 
ciated  with  the  axial  magnetic  field.  If  the  vertical  field  error  is  small  enough  that  the  particle  can 
achieve  a  new  equilibrium  position  within  its  Larmor  orbit,  it  will  be  contained.  The  accuracy,  \B/B. 
required  for  the  vertical  magnetic  field  is  thus  given  by 


A  B 
B 


<  max 


Pl 
R  ’ 


A  £ 

£ 


where  pL  is  the  Larmor  radius.  R  is  the  major  radius  of  the  bend,  A  £  is  the  energy  bandwidth  provided 
by  the  stellarator  field,  and  £  is  the  particle  energy.  At  high  energy,  when  A£/£  becomes  small,  the 
Larmor  radius  becomes  large.  These  criteria  combine  to  permit  A  BIB  in  excess  of  1%  for  energies  up 
to  nominally  1  GeV. 


The  vertical  magnetic  field  can  be  supplied  by  toroidal  windings  arranged  in  a  cos  Q  distribution  on 
the  toroidal  wall  in  the  bends.  This  configuration  provides  a  vertical  magnetic  field  with  high  unifoi- 
mity.  A  difficult  design  problem  for  the  racetrack  is  the  termination  of  these  windings  where  the  bends 
meet  the  straight  sections.  In  the  straight  sections,  of  course,  the  vertical  magnetic  field  would  cause 
rapid  particle  loss  due  to  uncompensated  drifts.  In  fact,  at  each  point  in  the  transition  from  bend  to 
straight  the  vertical  field  must  cancel  the  local  curvature  and  grad  B  drifts  to  high  precision. 

One  approach  to  this  problem  is  to  design  the  bends  with  a  variable  radius  of  curvature,  i.e..  not  a 
semicircular  bend,  so  that  the  local  radius  of  curvature  can  be  matched  to  the  fall-otf  in  the  vertical 
magnetic  field.  In  practice  this  design  would  be  accomplished  by  computing  the  vertical  magnetic  field 
for  a  particular  coil  and  termination  configuration,  and  subsequently  calculating  the  shape  required  tor 
the  bend  so  that  the  local  magnetic  field  provides  cancellation  of  the  local  curvature  and  grad  B  drifts. 
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The  vertical  magnetic  field  may  be  modeled  as 


Br  “  ~  nB:o 

including  the  vertical  field  index  n,  to  first-order  in  the  inverse  aspect  ratio.  For  the  scaling  study 
presented  here,  the  vertical  field  is  assumed  uniform  ( n  “  0).  Runs  with  finite  field  index  have  been 
made,  and  give  performance  which  is  poorer  than  the  uniform  field  result. 


In  the  previous  section,  the  stellarator  field  configuration  with  B0  =*  10  kG  was  shown  to  stabilize 
a  one-meter  bend  for  energies  up  to  10  MeV.  The  same  stellarator  field  together  with  a  vertical  field  of 
3400  G  will  contain  a  100  MeV  electron,  as  shown  in  Fig.  3-1.  Figures  3-2  and  3-3  demonstrate  the 
results  of  mismatching  the  vertical  magnetic  field  for  the  100  MeV  electron  in  this  configuration.  The 
particle  is  contained  over  the  vertical  field  bandwidth  given  by  3230  G  <  B:0  <  3570  G. 

This  bandwidth  in  B. o  is  due  to  the  drift  cancellation  provided  by  the  stellarator  field.  If  the  heli¬ 
cal  field  is  turned  off  U,  =  0),  leaving  only  the  toroidal  field,  50  =  10  kG,  and  the  vertical  field,  B:0 
—  3230  G,  the  100  MeV  test  electron  drifts  vertically  out  of  the  torus,  as  shown  in  Fig.  3-4. 

At  an  electron  energy  of  1  GeV,  the  vertical  field  for  a  one-meter  bend  is  approximately  34  kG. 
This  case,  therefore,  has  been  studied  for  a  three-meter  bend,  where  the  required  field  is  B:0  —  11.367 
kG.  The  test  orbit  in  this  case  is  shown  in  Fig.  3-5,  for  a  stellarator  field  with  B0  =  10  kG  and  with  30 
helical  field  periods  on  the  3  meter  radius  circle.  Figures  3-6  and  3-7  show  the  orbits  for  B.q  at  the 
extremes  of  the  bandwidth,  11300  G  <  B:0  <  11435  G.  In  this  case,  the  stellarator  field  is  not  contri¬ 
buting  to  the  allowed  bandwidth. 


The  scaling  law  for  vertical  field  and  energy  for  the  high-energy  racetrack  induction  linac  is 


B. o  =  34  kG 


£[GeVl 


1  ±  a 


^max 

E 


where  the  first  factor,  34  kG  •  £//?0,  is  the  required  value  of  B;0  to  just  match  the  particle  energy,  £. 
on  a  bend  of  major  radius,  Rn.  The  second  factor  is  the  bandwidth  due  to  the  stellarator  field.  £Max is 
the  maximum  energy  permitted  in  the  fixed-field  racetrack  induction  accelerator  (cf..  Section  2).  The 
parameter  a  lies  in  the  range  0.1  ^  a  <  1.0,  for  £  <  1  GeV.  As  the  energy  increases,  a  decreases,  so 
that  at  1  GeV  the  stellarator  windings  no  longer  influence  the  bandwidth. 


For  electron  energy  up  to  several  hundred  MeV,  the  high-energy  racetrack  induction  accelerator 
provides  a  configuration  in  which  the  stellarator  field  augments  the  allowed  bandwidth  of  mismatch  of 
vertical  field  and  particle  energy.  With  this  augmented  bandwidth,  it  is  possible  to  realize  a  high-gain 
acceleration  system,  using  a  linear  induction  accelerator  to  provide  >  1  MeV/pass. 

IV.  RACETRACK  INDUCTION  ACCELERATOR  SYSTEM 


The  utilization  of  linear  induction  acceleration  technology  in  a  cyclic  device  implies  certain  scaling 
laws  for  size  and  weight  of  the  accelerator  as  functions  of  beam  particle  energy.  The  major  scaling  laws 
can  be  found  from  a  simple  system  mode!  of  the  accelerator.  This  model  assumes  that  all  of  the  volt- 
seconds  of  the  core  are  utilized  for  acceleration,  that  the  bends  are  stabilized  by  the  combination  of 
solenoidal,  helical  and  vertical  fields  described  in  the  previous  sections,  and  that  the  induction  module 
itself  is  stable  to  the  circulating  particle  beam.  These  assumptions  about  the  stability  of  the  device  will 
be  discussed  in  greater  detail  near  the  end  of  this  section. 
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Figure  4-1  shows  a  schematic  drawing  of  the  accelerator  system  to  identify  the  quantities  of 
interest.  Each  straight  section  has  length,  L,  and  each  bend  is  assumed  to  be  semi-circle  of  radius  R. 
Each  straight  section  contains  an  induction  accelerator  with  total  core  length,  Lc ,  and  core  radius.  Rc. 
Particles  are  assumed  to  travel  at  speed,  c,  the  speed  of  light.  The  particle  transit  time,  r,  on  the 
racetrack  is  then 

_  2 L  +  tR 

c 

The  number  of  volt-seconds,  in  the  induction  modules  is  given  by 

VUTU  -  2  KRCLC. 

Here.  2RCLC  is  the  total  cross-sectional  area  of  the  cores  on  both  legs  of  the  racetrack.  The  constant, 
K ,  is  the  effective  change  in  magnetic  field,  A  B,  over  the  area  2 RCLC.  The  theoretical  maximum  value 
of  K  is  3  Tesla,  corresponding  to  a  solid  iron  core  which  is  swung  from  -Bs  to  +fls,  where  Bs  =  1.5  T 
is  the  saturation  field  for  iron.  In  fact,  insulation  and  packing  factors  limit  the  volume  of  iron  in  the 
core,  and  K  =  1.5  T  will  be  utilized  for  this  discussion. 

The  voltage,  Kw,  is  the  total  energy  gain  per  pass,  and  may  be  distributed  over  several  gaps.  Four 
gaps  are  envisioned,  to  optimize  the  core  packing  factor.  One  gap  would  be  located  at  each  end  of  each 
straight  section.  The  average  voltage  gradient,  g,  in  the  induction  accelerator  modules  is  given  by 

y.u  “  2gLc, 

and  the  total  acceleration  time,  T\f ,  is  then 

7-  Ki/Tw 

Xl  Ku  S  ' 

At  this  point,  it  should  be  noted  that  the  final  particle  energy,  K  is  independent  of  the  gradient  g , 

y  —  _  KcRcLc 

t  ~  L  +  nR' 

The  number  of  transits.  .V,  required  to  achieve  the  panicle  energy  V,  does  depend  on  g  since 

v  _  ]\t_  _  &  fr- 

r  2g(L  +  nR)  ' 


The  voltage-gain  relationship,  r  =  Vu  Tu,  that  all  the  volt-seconds  be  utilized,  leads  to  some 
interesting  scaling  laws.  This  requirement  may  oe  written  as 


L  +  tt  R 


KcRcLc 

V 


Since  'he  system  is  constrained  to  have  L  ^  Lc  and  R  >  Rc ,  i.e.,  the  cores  must  fit  within  the 
racetrack,  it  is  reasonable  to  examine  this  system  for  fixed  values  of  the  ratios,  RJ R  and  LJ L.  as 
parameters.  In  this  case  it  is  possible  to  solve  for  the  length,  L,  as  a  function  of  the  radius.  R.  to 
obtain 


L  =  irRq 


R/Rr, 
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-  1 


where 
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With  this  relationship 


f  and  R  the  transit  time,  t,  may  be  expressed  as 
between  L  and  K,  tw« 

2L  +  2,r*  .  {R^ 


This 


expw**  i»  ni^Tr* is  described  by 


me.  r„.  which  thus  optimizes  the 


l  mb  ^APlVJ  —  a  t 

compactness  of  the  system.  At 


8-n-^o 

Ttf  ~  g 

/?  =  2Ko 
=  2?r  /?0- 


The  core  dimensions  at 


the  minimum  t  are  given  by 


The 


number  of  volt-seconds  is  then 
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and  the  core  volume  is 


Vol  =*  2ir  Rc  Lc  *  ^7f2 


Vol  »  2ir  Kc>  "  Ac  H  )  j 

-  £0S1  „  *  ,  -  weight 

Since  the  main  cost  of  the  *  [wQ  equalions  may  be  used  to  P 
the  cost  will  scale  as 

volt-seconds,  ,(  ulc  V/2|ikIkl 

Vol-  16it\rJr:\  1  8ttK  | 

t  ele  energy  K  volt-seconds  and  core  v^lume  ts^sh^  corresponds  t0 

Th«  -  ul<-  and  for  * ' 

.  a  i  for  various  vaiucb  v*  ... 

50%  packing  of  the  core  volume  with  iron.  ^  in  the 

■  ,  hte  vtives  the  parameters  of  a  ^cetrackaccele  y  accelerator  usmg  K 

The  following  table  gi  .  ,  The  design  ts  for  a  -0  . 

sense  ,h.,  ,  -  r*.  *  "  *  ££jS»  »  l  MeV/pass)-- 
1.5  Tesla  and  g  -  1  KNMU 
K  =  0.88  m 

L  =  2.8  m 

f\,7  w=7.4  volt-sec 

Core  Volume  =  12.6  m3 
7\,  -  7.4 

Beam  Energy  -  7.4  «  f°r  1  kA' 
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The  weight  of  the  core  in  this  case  would  be  51  MT  (including  the  50%  core  volume  utilization  implicit 
in  the  value  of  K).  For  a  1  kA  beam,  the  capacitor  bank  required  to  drive  the  cores  is  15  kJ, 
corresponding  to  —50%  core  losses,  which  is  typical  of  this  type  of  system. 

V.  DISCUSSION 

Injection  into  a  high  current  toroidal  accelerator  is  a  key  problem.  The  closed  field  lines  of  the 
axial  magnetic  field  that  was  introduced  to  contain  the  space  charge  of  the  beam  complicates  the  injec¬ 
tor  design.  A  number  of  experiments  have  been  carried  out  with  varying  degrees  of  success.  These 
include,  inductive  charging12'16  magnetic  diverters,17- 18  orbit  reduction  due  to  self  field  energy  and  drift 
injection.19 

Electron  densities  of  1010  cm-3  (—100  microcoulombs  of  charge)  have  been  injected14  into  a  mag¬ 
netic  torus  by  inductive  charging.  An  inductive  charging  injector  is  used  on  the  high  current  betatron 
experiment15- 16  at  U.C.  at  Irvine. 

Magnetic  diverters  open  the  toroidal  field  lines  in  the  region  of  the  injector  for  a  short  period  of 
time  to  allow  electrons  to  enter.  A  self  synchronous  scheme17  which  uses  the  magnetic  field  produced 
by  the  current  in  the  cathode  shank  of  a  high  current  diode  to  divert  field  lines  has  been  used  success¬ 
fully.  Up  to  50%  of  a  500  kV,  20  kA,  50  fj. s  beam  has  been  injected  into  a  racetrack  torus.18 

The  force  exerted  on  the  curved  field  lines  of  a  magnetic  torus  by  a  circulating  electron  beam  will 
cause  the  beam  to  drift  vertically  (perpendicular  to  the  plane  of  the  torus).  This  drift  may  be  balanced 
by  the  addition  of  a  vertical  field.  This  field  can  be  adjusted  so  that  the  Fr  x  B $  is  equal  and  opposite 
to  the  drift  resulting  from  the  curved  field  lines.  Fr  is  the  Lorentz  force  resulting  from  the  azimuthal 
velocity  and  vertical  magnetic  field.  If  this  equilibrium  is  upset  the  beam  will  drift  out  vertically. 
Alternatively,  by  upsetting  the  equilibrium  locally  at  the  edge  of  the  torus,  the  beam  can  be  drifted  into 
the  torus  across  the  field  lines.  This  scheme  is  attractive  for  multiturn19  injection  as  opposed  to  the 
magnetic  diverter  which  is  attractive  for  single  turn  injection. 

The  experiments  discussed  in  References  18  and  19  were  performed  by  injecting  the  beam  into 
neutral  gas,  rather  than  at  the  hard  vacuum  which  is  desired  for  beam  acceleration.  Parallel  injection  of 
a  non-neutral  beam  ring  into  a  toroidal  magnetic  field  in  a  vacuum  has  been  achieved.20  A  450  keV,  16 
kA,  25  fis  beam  was  injected  into  a  28  cm  major  radius  torus  with  a  5.5  cm  inner  radius.  The  trapped 
beam  current  was  300  A.  A  quiescent  equilibrium  that  lasted  for  20  /a s  was  obtained.  The  beam  made 
3000  revolutions  around  the  torus. 

The  beam  was  not  accelerated  in  any  of  the  aforementioned  experiments.  Runaway  electrons 
have  been  observed  in  a  racetrack  stellarator,7  where  the  beam  is  born  in  the  device  and  is  charged  neu¬ 
tralized. 

These  experiments  are  cited  as  a  partial  summary  of  previous  work  on  injection  of  high-current 
beams  into  closed  magnetic  configurations.  None  of  this  prior  experience  establishes  a  solution  to  the 
injection  problem,  which  will  require  a  substantial  experimental  effort.  An  obvious  advantage  of  the 
stellarator  field  configuration  is  that  it  allows  a  large  bandwidth  in  energy  mismatch  at  injection.  In 
addition  the  externally-improvised  rotational  transform  can  be  utilized  in  the  injection  scheme,  since  it 
allows  the  beam  to  make  many  revolutions  of  the  accelerator  without  returning  to  the  injector.  The 
separatrix  associated  with  the  helical  field  provides  additional  flexibility  in  injecting  and  trapping  the 
electron  beam. 

The  extraction  problem,  although  also  untried  and  nontrivial  at  high  current,  may  be  easier  than 
injection  because  at  a  high  energy  the  beam  self-field  forces  are  smaller  and  the  effect  of  the  closed 
toroidal  and  stellarator  fields  is  reduced.  At  the  final  energy  the  beam  responds  mainly  to  changes  in 
the  vertical  field,  which  can  be  perturbed  by  a  kicker.  Also,  for  some  applications,  it  may  be  reasonable 
to  use  the  beam  in-situ.  thereby  avoiding  the  extraction  issue  altogether. 

!  2 


The  high  gain  and  corresponding  short  acceleration  time  for  the  racetrack  induction  accelerator 
reduces  the  impact  of  synchrotron  radiation  loss.  The  energy  loss  per  pass  due  to  synchrotron  radiation 
for  a  particle  of  energy,  £,  in  a  torus  of  radius,  /?o,  is  given  by 

^  - 88  -  keV/pass- 

In  a  one-meter  torus,  therefore,  a  1  GeV  electron  will  lose  88  keV/pass.  The  racetrack  loses  approxi¬ 
mately  the  same  energy  since  the  straight  sections  produce  a  negligible  amount  of  excess  synchrotron 
radiation  loss.  Even  at  1  GeV  in  a  one-meter  bend,  the  gain  per  pass,  ^1  MeV/pass,  in  the  racetrack 
far  exceeds  the  energy  loss  to  synchrotron  radiation.  The  short  time  for  acceleration  also  ensures  that 
the  integrated  energy  loading  on  the  walls  due  to  synchrotron  radiation  will  be  negligible. 

The  discussion  of  this  concept  has  so  far  centered  on  single-particle  studies  and  design  issues.  In 
part  this  emphasis  is  justified  by  the  need  to  first  establish  that  a  single-particle  accelerator  configuration 
can  be  built  to  the  required  energy,  i.e.,  that  the  proposed  device  does  not  require  collective  effects.  In 
part,  though,  this  study  has  been  structured  as  it  has  because  of  the  enormous  difficulty  associated  with 
generating  self-consistent  equilibrium  and  stability  analyses  in  the  racetrack  field  configuration. 
Nevertheless,  some  statements  on  both  these  subjects  can  be  made. 

Self-consistent  equilibria  and  stability  of  non-neutral  systems  have  been  studied  in  both  cylindrical 
and  toroidal  geometry  for  systems  with  toroidal  fields  only21  and  for  the  modified-betatron  field 
configuration.23  No  such  study  has  included  the  steliarator  field  structure  of  the  racetrack  induction 
accelerator.  The  equilibrium  studies  have  found  a  slow  beam  drift  rotation  at  the  relativistic  diocotron 
frequency,  md  =  wj/ 2y2ojc,  where  utp  is  the  beam  plasma  frequency,  wj  =  4vne2/ym,  and  ojc  is  the 
cyclotron  frequency,  a>c  =  eBo/ymc  in  the  toroidal  field,  Bq.  In  the  simplest  approximation,  this  drift 
may  be  regarded  as  a  rigid  rotation.  The  drift  arises  from  the  radial  force  due  to  the  self  fields, 
-<?(£,  -  \:Be/c),  crossed  into  the  toroidal  field.  In  cylindrical  geometry  the  Et  and  Bg  fields  are 
almost  equal,  Bg  —  v;£,/c,  and  the  radial  force  is  then  given  by  -eEr/y2.  In  toroidal  geometry,  the 
fields  are  modified  to  first-order  in  the  inverse  aspect  ratio,  and  force  cancellation  to  1/y2  does  not 
occur,  i.e.,  residual  forces  of  order,  — eEra/ R0 ,  will  exist  in  a  toroidal  system  even  at  very  high  y. 

The  same  results  hold  in  a  steliarator,  but  are  complicated  by  the  elliptical  shape  of  the  beam  (for 
/  =  2).  In  this  case  both  the  beam  drift  at  frequency,  o)d ,  and  the  rotational  transform  due  to  the  heli¬ 
cal  fields  act  to  move  the  electrons  about  the  minor  axis  of  the  torus.  These  two  motions  may  either 
add  or  subtract,  and  the  performance  of  the  accelerator  will  probably  depend  on  setting  up  the  helix  so 
that  these  two  effects  add  constructively.  At  this  point  it  should  be  noted  that  the  drift  at  o>rf  does  not 
provide  sufficient  rotational  transform  at  10  kA  beam  strength  to  operate  the  accelerator  above  a  few 
MeV  with  one-meter  bends. 


The  single-particle  trajectory  code,  described  above,  may  be  used  to  test  whether  the  beam  self¬ 
fields  destroy  the  accelerator  bandwidth.  In  this  case  the  code  is  modified  to  include  the  beam  self¬ 
fields  as  described  by  Chernin  and  Sprangle,22  to  first-order  in  the  inverse-aspect  ratio.  The  self-fields 
are  given  by 

2 

e^elf  =  -  8Z  +  ~  AZ 

Ef"'  =  0. 

2  2 

Bf(  =  2 n-M,  8£  +  A-  1R  -  lu 
cr  ‘«d 

■»  ■> 

£«df  -  2jrnne  ZR  +  ^  ±R  +  k 
a -  -Bq 
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£cself  ■ 


£self  »  _  27T  /I0e| 

where  lB  and  lE  are  toroidal  corrections,  given  by 


SZ  +  \  AZl 
a‘ 


Ir 


1  -bln  — 

rb 


lF  -  In  — 


for  a  uniform  beam  current  density.  The  beam  center  is  assumed  to  be  located  at  coordinates  (/?0  + 
IR ,  AZ)  and  a  particular  beam  particle  at  (/?0  +  A R  +  SR ,  AZ  +  8Z)  in  cylindrical  coordinates  where 
Z  is  the  major  axis  of  the  torus,  Rq  is  the  major  radius  of  the  torus  and  S  is  distance  measured  along 
the  minor  axis  of  the  torus.  The  beam  density  is  «0,  the  beam  radius  is  rb  and  the  beam  velocity  is  /30c 
along  S. 


These  fields  have  been  added  to  the  stellarator  and  toroidal  fields  described  above  to  include  the 
beam  self-field  effects  in  a  torus.  Figure  5- la  shows  the  result  for  a  10  MeV  electron  in  applied  fields 
only  and  Fig.  5- lb  shows  the  same  particle  in  a  10  kA  beam  with  rb  =  2  cm,  with  the  helix  chosen  to 
add  to  the  rotational  transform  due  to  the  beam  drift  motion  in  its  self-fields.  The  beam  current  is  seen 
to  have  a  small  beneficial  effect  on  confinement. 


The  stability  of  the  beam  in  the  racetrack  should  be  good.  Stability  studies  for  the  modified  beta¬ 
tron23  have  shown  favorable  stability,  provided  the  beam  thermal  spread  is  of  the  order  10%  or  greater. 
The  stellarator  fields  induce  transverse  motion  which  should  provide  a  strong  stabilizing  influence. 
Also,  the  short  acceleration  time  favors  the  racetrack  stability.  Resistive-wall  instabilities,  for  example, 
are  too  slow  to  affect  the  racetrack  accelerator  if  the  wall  is  a  good  conductor. 

VI.  SUMMARY 


The  high-current  racetrack  induction  accelerator  offers  several  advantages  over  the  other  high- 
current  accelerator  concepts.  Its  chief  advantage  is  the  high  energy  gain  per  pass  which  is  made  possi¬ 
ble  by  using  linear  induction  acceleration  technology.  This  feature  allows  the  accelerator  to  achieve  a 
particular  design  energy  with  a  short  acceleration  time,  thereby  reducing  the  impact  of  instabilities  and 
of  synchrotron  radiation. 

The  racetrack  induction  accelerator  has  several  similarities  with  both  the  modified  betatron  and 
the  recirculating  linac.  It  is  a  high-current,  cyclic  induction  accelerator,  like  the  modified  betatron,  and 
it  utilizes  linear  induction  accelerator  modules,  like  the  recirculating  linac.  Unlike  the  modified  beta¬ 
tron,  however,  the  racetrack  accelerator  does  not  employ  a  vertical  magnetic  field  for  both  bending  and 
accelerating  the  particles.  This  feature  of  a  betatron  configuration  forces  it  to  satisfy  the  flux  condition, 
that  the  average  vertical  field  enclosed  by  the  orbit  equal  twice  the  field  at  the  orbit.  On  the  other 
hand,  the  betatron  automatically  provides  synchronization  of  the  vertical  field  and  the  particle  energy, 
which  must  be  closely  matched  at  injection.  The  fixed-field  racetrack  configuration,  at  modest  energy, 
requires  no  synchronization  of  fields,  while  the  high-energy  racetrack  must  be  independently  synchron¬ 
ized  within  a  bandwidth  of  particle  energy. 

The  recirculating  linac  is  a  folded  linear  accelerator  in  which  separate  beam  channels  are  passed 
through  the  accelerating  gap.  In  this  accelerator,  the  final  beam  pulse  duration  is  equal  to  the  accelera¬ 
tor  pulse  length.  The  racetrack  accelerator,  on  the  other  hand,  delivers  a  beam  pulse  of  duration  equal 
to  the  transit  time  around  the  circumference  of  the  machine.  The  recirculating  linac  provides  a  large 
number  of  accelerated  particles  at  modest  energy.  Since  each  particle  can  only  trav  erse  the  accelerating 
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gaps  a  few  times,  the  recirculating  linac  must  stack  accelerators  to  achieve  high  energy  particles.  The 
racetrack  induction  accelerator  uses  the  iron  to  obtain  high  voltage  while  the  recirculating  linac  uses  the 
same  number  of  volt-seconds  to  achieve  a  long  pulse. 

In  summary,  the  racetrack  induction  accelerator  offers  a  new  configuration  which  appears  capable 
of  reaching  high  voltage  and  high  current.  This  concept  extrapolates  high-voltage  linear  induction 
accelerator  technology  into  the  multi-microsecond  regime,  without  sacrificing  the  high  current  handling 
capability  of  that  technology. 

The  stellarator  configuration  allows  us  to  design  an  interesting  variation  of  the  betatron  or  the 
modified  betatron  by  the  addition  of  strong  focussing.  The  strong  focussing  makes  the  accelerator  less 
sensitive  to  mismatch  between  magnetic  fields  and  particle  energy. 
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RACETRACK  INDUCTION  ACCELERATOR 


Fig.  2-2  —  Single-particle  drift  orbit  displacement  from 
equilibrium,  8x  vs  8>,  for  /3  ”  0.5 


—  10  MeV  test  electron  trajectory  on  a  l  meter  bend  with  a  10  kG  toroidal  guide  field,  showing  (a) 
cross-section  projection  and  (b)  global  projection 


XPR | ME 


XPR|  ME 


Fig.  3-2  —  Same  as  Fig.  3-1,  except  vertical  magnetic  field  is  3230  gauss 


(b) 


Same  as  Fig.  3-2.  except  helical  field  is  zero 
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(a)  (b) 

1  GeV  test  electron  trajectory  on  a  3  meter  bend  with  10  kG  toroidal  field  plus  /  —  2  helical  field  with 
«/  "  0.7  and  30  helical  periods  in  hrR  plus  vertical  magnetic  field  of  11.367  kG 


CORE 


CORE 


L  - 


Schematic  drawing  of  act 


for  system  scaling  study 


Fig.  5-1  —  Effect  of  beam  self-fields  on  10  MeV  test  electron  trajectory  on  a  1  meter  bend  with  10  kG  toroidal  field 
plus  /  ■»  2  helical  field  with  e,  “0.7  and  10  helical  field  periods  in  2nR 


(a)  No  beam  —  same  as  Fig.  2-4 

(b)  Ib  —  10  kA,  rb  —  2  cm  beam  centered  at  SR  m  1.0  cm.  Sz  m  0  self-fields  included 
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